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P r e d i c t e d  Timing o f  t h e  D i s i n t e g r a t i o n  of t h e  Lower 

Reach of Col urribia G l a c i e r ,  A1 a  ska 

by M. F .  ~ e i e r ' ,  L .  A .   asm muss en', A u s t i n  Post1, C .  5. ~ r o w n ' ,  

W .  G.  S i k o n i a ' ,  R .  A .  B indschad le r2 ,  L .  R. Mayo3, 

and D.  C .  T raban t3  

EX ECUT I V  E SUMMARY 

Grounded, i c e b e r g - c a l v i n g  g l a c i e r s  t e r m i n a t i n g  i n  s h a l l o w  water 

advance o r  r e t r e a t  s low ly ;  those t e r m i n a t i n g  i n  deep (>80 m) water 

r e t r e a t  r a p i d l y  (>.5 h / y ,  t a b l e  1 ) .  Columbia G l a c i e r  i s  r e t r e a t i n g  

o f f  a  t e r m i n a l - m o r a i n e  shoal so t h a t  t h e  water d e p t h  a t  i t s  terminus 

i s  deepening w i t h  t ime. T h i s  r e p o r t  p r e d i c t s  t h a t  t h e  r a t e  o f  r e t r e a t  

o f  Columbia G l a c i e r  w i l l  a c c e l e r a t e  d u r i n g  t h e  n e x t  two o r  t h r e e  years ,  

and t h a t  t h e  annual d i s c h a r g e  o f  i cebergs  w i l l  i n c r e a s e  t o  a peak of 

abou t  8-11 km3/y (6-8 t imes  t h e  1978 v a l u e )  i n  t h e  p e r i o d  1982 t o  1985 

( f i g u r e  8 ) .  T h i s  p r e d i c t i o n  has an u n c e r t a i n t y  o f  t i m i n g  o f  a t  l e a s t  

one year .  The rn~ximum r a t e  o f  c a l v i n g  i s  expected t o  be i n  l a t e  summer. 

I t  i s  expected t h a t  t h e  g l a c i e r  w i l l  have r e t r e a t e d  about  8 lan by 1986, 

and t h a t  r e t r e a t  w i l l  c o n t i n u e  f o r  severa l  decades. T h i s  p r e d i c t i o n  

c o u l d  be r e f i n e d  marked ly  by comparing t h e  p r e d i c t i o n s  w i t h  new m o n i t o r i n g  

a c t i v i t i e s  on t h e  g l a c i e r .  
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This predict ion i s  based on observations of a l l  52 calving g l a c i e r s  

in Alaska. Quanti tat ive measurements of calving var iables  on 1 2  g l a c i e r s  

( t a b l e  2 )  y i e lds  a very simple calving law ( f igure  2 ,  t a b l e  3 ) :  Calving 

speed (d ischargelarea)  in nily = 1 7  - + 1 tinies center1 ine water depth in 111 a t  

terminus. This law was used in a new calving model based on mass cont inui ty  

a n d  a n  assumed, b u t  glaciological  1y reasonable, f u t u r e  r e t r ac ted  p ro f i l e .  

A dynamic model was used to  confirm the  calving model. The calving model 

r e s u l t s  a l s o  match the present thinning a n d  r e t r e a t  of the  g lac ie r .  

SYMBOLS USED 

Synbol Name 

A Parameter in i ce  flow law 

a Parameter i n  calving law 

B Vert ical  surface o f  a gr id  c e l l  

ti Annual balance r a t e  

c Parameter in calving law 

e h  Error in value of h or hw 

e v Error in value of V c  - 
F Variance reduction f rac t ion  

f Velocity shape fac to r  

f * Flux shape f a c t o r  

0 
Glacier  volume a t  time 0 

T Glacier  volume a t  time T 

9 Accel era t i o n  due t o  g rav i ty  

h Glac i e r  thickness 

t i  d h/d  t 

Dimensions 



Dimensions 

111 

Narrie 

Thickness a t  f l o a  t a t i o n  

A l t i t u d e  a t  i c e  su r face  a t  terminus 

Water dep th  a t  terminus 

Boundary o f  g r i d  c e l l  on h o r i z o n t a l  p l ane  

Parameter i n  i c e  f l ow  law 

Outward-d i rected normal u n i t  v e c t o r  

I n i t i a l  t ime  

I n i t i a l  o r  unadjusted va lue  

Ho r i zon ta l  area o f  a  g r i d  c e l l  

Volume ( t o t a l )  f l u x  

Balance f l u x  

Ca l v i ng  f l u x  

Thickness-change f l u x  

Volume f l u x  per u n i t  w i d t h  a t  cen te r1  i n e  

~ o l  ume-f l u x  i n  stream sheet 
* 
Q a t  terminus 

Volume f l u x  vec to r  

Res idual  i n  Equat ion I l a  

Res idual  i n  Equat ion 11 b 

Res idual  i n  Equat ion l l c  

Res idual  i n  Equat ion l l d  

Cross -sec t iona l  area a t  terminus 



Sym bo 1  

T 

Name 

F i n a l  t ime  

T irne 

Speed a t  t he  surface 

Basal s l i d i n g  speed 

Ca l v i ng  speed 

Speed due t o  i n t e r n a l  deformat ion 

x-component of V 

y-component of V 

V e l o c i t y  v e c t o r  a t  t h e  su r face  

Width 

P o s i t i o n  o f  terminus on x - a x i s  

dX/d t 

H o r i z o n t a l  coo rd i na te  i n  d i r e c t i o n  o f  f l o w  

Ho r i zon ta l  coo rd i na te  perpend icu la r  t o  x 

V e r t i c a l  coo rd i na te  d i r e c t e d  up  

Surface s lope  ang le  

R a t i o  o f  V t o  speed averaged through dep th  

Shear de f  orma t i  on r a t e  

Ho r i zon ta l  coo rd i na te  o r thogona l  t o  5 

Hor i zon ta l  coo rd i na te  i n  d i r e c t i o n  o f  f l o w  

Value o f  5 a t  terminus 

D e n s i t y  of i c e  

Dens i t y  of water 

Dimensions 

Y 

Y 

MY 

mly 



Name 

Error i n  P ( L - ~ )  

Error i n  e s t i m a t e  o f  c 

Error i n  h 

Error in V x  

Error i n  V 
Y 

S h e a r  s t ress  

L o c a l  basal shear s t ress  

Reg iona l  basal shear s t ress  

Effective basal shear s t ress  

Variable used i n  Equation 5 

V a r i a b l e  used i n  E q u a t i o n  5 

(Superscript) designates v a l u e  a t  center1 i n e  

Dimensions 

~1 3 / ~  

bar 

bar 

bar 

varies 

varies 



Nearly a l l  grounded, iceberg-calving g lac ie r s  have experienced 

large-scal e  asynchronous advances a n d  r e t r e a t s .  This behavior i s  apparently 

not d i r e c t l y  re la ted  to  c l  imatic v a r i a t i o n s .  T h e  tern] calving glac ie r  

a s  used i n  t h i s  repor t  r e f e r s  t o  a g lac ie r  t ha t  ends in water and d i s -  

charges icebergs b u t  i s  grounded (not  f l oa t i ng ) .  A c r i t i c a l  fac tor  i s  

the water depth a t  the terminus, a s  i n s t a b i l i t y  r e su l t s  when the glacier  

r e t r e a t s  even a shor t  distance into a deep f iord  o r  bas in .  The g lac ie r  

may then r e t r e a t  rapidly and i r revers ib ly  a s  unusual volumes of ice  break 

away. 

Columbia Glacier ,  near Valdez, Alaska, i s  a large  calving g lac ie r ;  

i t  i s  67 h long and 1,100 km2 in area.  I t  now ends on a moraine shoal in 

shallow water, b u t  upglacier from the terminus the bed i s  about 400 m 

below sea level .  Although the position of the terminus has been in a 

s t a t e  of near eqltil ibrium since 1794, evidence now suggests t ha t  rapid,  

d r a s t i c  r e t r e a t  may be imminent (Post, 1975; Meier and others, 1978; Meier 

and others ,  1980). Small icebergs, bergy b i t s ,  and growlers d r i f t  from 

Columbia Glacier toward and occasionally into Valdez Arm. Drastic r e t r e a t  

would substantial  l y  increase the discharge o f  ice  and would thus increase 

the iceberg hazard t o  shipping. I n  order t o  determine when t h i s  might 

happen and how much the iceberg discharge would be increased, an intensive 

study was begun by the Geological Survey i n  1977. 



T h i s  document p resen ts  a p r e d i c t i o n  o f  the i c e b e r g d  i scharge  r a t e  

t o  be expected i n  t he  nex t  decade, toge ther  w i t h  b r i e f  d e s c r i p t i o n s  of 

t he  a n a l y s i s  and model ing methods. For f u r t h e r  i n f o r m a t i o n  see Post, 

1975; Me ie r  and o the rs  1978; Mayo and o the rs ,  1979; S ikon ia  and Post, 

1979; Hodge, 1979; and Meier  and o thers ,  1980. Fu r t he r  documentat ion 

of t he  new methods and c o n t r i b u t i o n s  t o  s c i e n t i f i c  knowledge r e s u l t i n g  

from t h i s  s tudy  w i l l  appear i n  for thcoming p u b l i c a t i o n s .  

P r e d i c t i o n  o f  t h e  f u t u r e  d ischarge  o f  icebergs f rom a  c a l v i n g  g l a c i e r  

r e q u i r e s  t h e  s o l u t i o n  of two in te rconnec ted  problems. F i r s t ,  t h e  f u t u r e  

l o c a t i o n  o f  and the  f l ow  o f  i c e  t o  the  terminus must be p red i c t ed .  Second, 

t h e  i ceberg  c a l v i n g  f l u x  must be determined a t  t he  f u t u r e  terminus l o c a t i o n .  

The f i r s t  i s  a problem i n  g l a c i e r - f l o w  dynamics, b u t  an unusual  one because 

t h e  l o c a t i o n  and t h e  geometry of t he  terminus depends on the  r a t e  o f  

i ceberg  c a l v i n g .  A c a l v i n g  law, which r e l a t e s  the  r a t e  o f  c a l v i n g  a t  any 

i n s t a n t  t o  c e r t a i n  c h a r a c t e r i s t i c s  o f  t h e  terminus a t  t h a t  i n s t a n t ,  must 

be used as the terminus boundary c o n d i t i o n  f o r  t he  i c e  f l o w  ana l ys i s ,  and 

a l s o  must be used - t o  p r o v i d e  es t imates  o f  t h e  f u t u r e  iceberg d ischarge  

t h a t  a r e  r e q u i r e d  f o r  p r a c t i c a l  a p p l i c a t i o n s  (Meier and o thers ,  1978, p. 4, 

5)  

CALVING LAW 

General Observat ions on the Ca l v i ng  G l a c i e r s  o f  Alaska 

Of 52 t i dewa te r  i ceberg -ca lv ing  g l a c i e r s  i n  Alaska, seven a r e  

c u r r e n t l y  advancing, 31 a r e  s t ab le ,  and 1 4  a r e  r e t r e a t i n g .  I n f o r m a t i o n  

on 33 l a r g e  t r u n k  g l a c i e r s  i s  l i s t e d  i n  t a b l e  1. These g l a c i e r s  a r e  

sca t t e red  over  southern and southeastern Alaska ( f i g u r e  1 ) .  Between 1960 



and 1980, a e r i a l  o b s e r v a t i o n s  and photography,  g e n e r a l  l y  annual  , were 

o b t a i n e d  o f  t h e  te rm inus  p o s i t i o n  and a c t i v i t y  o f  a l l  o f  t hese  g l a c i e r s .  

D u r i n g  t h e  f i e l d  seasons o f  1977, 1378, and 1979, t h e  G e o l o g i c a l  S u r v e y ' s  

Research Vessel Grow le r  t o g e t h e r  w i t h  t h e  r a d i o - c o n t r o l l e d  s k i f f  Bergy B i t  - 

were used t o  c o l l e c t  d a t a  on water  d e p t h  a t  t h e  t e r m i n i  of t hese  same 

g l a c i e r s  and i n  the bays and f i o r d s  f o r m e r l y  occup ied by t h e s e  g l a c i e r s  

(Post ,  1980a, 1980b, 1980c, 1980d, 1980e, 1980f ) ,  and a l s o  served a s  a 

base f o r  s t u d i e s  o f  r e c e n t  g l a c i a l  h i s t o r i e s ,  These o b s e r v a t i o n a l  d a t a  

show t h a t :  

(1)  A l l  g l a c i e r s  w i t h  s t a b l e ,  advanc ing,  o r  s l o w l y  r e t r e a t i n g  

( ~ 5 0  m/y)  t e r m i n i  end i n  s h a l l o w  water  ( g e n e r a l l y  l e s s  t h a n  80 m) i n  e i t h e r  

a  r e t r a c t e d  p o s i t i o n  ( a t  t h e  head o f  t h e  bay o r  f i o r d )  o r  i n  an advanced 

p o s i t i o n  end ing on a  t e r m i n a l - m o r a i n e  shoa l .  A l l  g l a c i e r s  t h a t  a r e  

p r e s e n t l y  a t  t h e i r  r e t r a c t e d  p o s i t i o n s  have r e t r e a t e d  from advanced Neo- 

g l a c i a l  p o s i t i o n s ;  t he  e a r l i e s t  o f  t hese  d r a s t i c  r e t r e a t s  o c c u r r e d  a b o u t  

2,500 years  ago, and t h e  l a t e s t  a b o u t  7 5  y e a r s  ago. Only one g l a c i e r  i s  

s t i l l  i n  an advanced p o s i t i o n :  Columbia. 

- 
( 2 )  A l l  g l a c i e r s  t h a t  a r e  o r  were r a p i d l y  r e t r e a t i n g  (0 .5  t o  1 0  km ly )  

end i n  wa te r  more t h a n  8 0 4  deep, and, i n  g e n e r a l ,  t h e  deeper t h e  wa te r  

t h e  f a s t e r  t h e  r e t r e a t .  A l l  o f  t h e  g l a c i e r s  observed i n  t h e  process o f  

r a p i d  r e t r e a t  had r e t r e a t e d  from t e r m i n a l - m o r a i n e  s h o a l s  upon wh ich  t h e y  

t e r m i n a t e d  n o t  more than  100 y e a r s  ago. 

( 3 )  The r a t e  o f  r e t r e a t  o f  a  r a p i d l y  r e t r e a t i n g  g l a c i e r  i s  a l s o  

i n f l u e n c e d  by  channe l  shape. Shal lows,  narrows,  and sha rp  t u r n s  i n  t h e  

channel  a l l  r educe  t h e  r a t e  o f  r e t r e a t ;  a temporary  h a l t  i n  t h e  r e c e s s i o n  

l a s t i n g  seve ra l  y e a r s  may occu r  a t  such a  l o c a t i o n .  As a  r e s u l t ,  a  g l a c i e r  



t y p i c a l l y  r e t r e a t s  by sudden, r a p i d  recess ions  i n  broad, deep reaches 

i n t e r r u p t e d  by pe r i ods  when the  terni inus i s  telriporar i l y  s t a t i o n a r y  where 

t he  channel i s  con f ined .  A s  long a s  t h e  water dep th  exceeds 80 m, however, 

c a l v i n g  i c e  i s  d ischarged more r a p i d l y  than i t  accuniulates and t he  su r f ace  

i s  lowered u n t i l  t he  g l a c i e r  makes another  c a t a s t r o p h i c  r ecess ion  t o  t he  

n e x t  c o n s t r i c t i o n  i n  t he  channel. 

( 4 )  The advance o f  c a l v i n g  g l a c i e r s  i s  r e l a t i v e l y  slow, g e n e r a l l y  

about  one t o  about  t h ree  la per cen tu ry .  No c a l v i n g  g l a c i e r s  have been 

observed advancing r a p i d l y .  The r a t e  of advance i s  e v i d e n t l y  c o n t r o l l e d  

by how f a s t  a  t e rm ina l  -moraine shoal can be moved ahead by e ros i on  on 

t he  t r a i l i n g  s lope  and d e p o s i t i o n  on t h e  l ead ing  slope. The i n t e r n a l  

s t r u c t u r e  o f  t h e  moraine a t  Columbia G l a c i e r  i s  t h a t  o f  beds p a r a l l e l  

t o  t he  l ead ing  slope, a b r u p t l y  t runca ted  a t  t h e  t r a i l i n g  s lope. T h i s  

i n d i c a t e s  t h a t  t he  moraine has been eroded on t h e  t r a i l i n g  s lope  and 

sediment has been depos i ted on t he  l ead ing  slope. 

( 5 )  Advances o r  r e t r e a t s  o f  c a l v i n g  g l a c i e r s  a r e  n o t  d i r e c t l y  

r e l a t e d  t o  changlcng c l i m a t e .  T h i s  i s  i n d i c a t e d  by: ( a )  Ca l v i ng  g l a c i e r  

v a r i a t i o n s  a r e  r a r e l y  synchronous w i t h  changes o f  o t h e r  c a l v i n g  glaciers  

o r  w i t h  t h e  v a r i a t i o n s  o f  g l a c i e r s  ending on land, whereas t he  l a t t e r  

g e n e r a l l y  occur s imu l taneous ly  o r  a t  l e a s t  i n  a c o n s i s t e n t  sequence. 

( b )  The advances and r e t r e a t s  of c a l v i n g  g l a c i e r s  show 1  i t t l e  r e l a t i o n s h i p  

t o  t h e i r  accumulat ion-area r a t i o  (AAR), which i s  an index o f  mass balance. 

( c )  The a rea  and volume o f  c a l v i n g  g l a c i e r s  change enormously between 

advanced and r e t r a c t e d  p o s i t i o n s ,  i n  some cases s e v e r a l - f o l d .  ( d )  

Var ious c a l v i n g  g l a c i e r s  have made d i f f e r e n t  numbers o f  advances and 

r e t r e a t s  d u r i n g  Neog lac ia l  t ime, from o n l y  one t o  t h r e e  o r  more. 



C a l v i n g  g l a c i e r s  have advanced and r e t r e a t e d  asynchronous ly  f o r  many 

c e n t u r i e s ,  t h e  n a t u r e  of t h e  changes be ing  c o n t r o l l e d  by t h e  te rm inus  

p r o p e r t i e s  and t h e  c o n f i g u r a t i o n  of t h e  channe l .  Slow advances t a k e  p l a c e  

u n t i l  t h e  g l a c i e r  reaches  a n  extended p o s i t i o n ,  where o n l y  a  smal l  r e t r e a t  

i n t o  deeper wa te r  beh ind t h e  t e r m i n a l  shoal  can t r i g g e r  a d r a s t i c ,  

i r r e v e r s i b l e  r e t r e a t  t o  t h e  head o f  t i d e w a t e r ,  whereupon a new c y c l e  o f  

s low  advance commences. 

Data R e l e v a n t  t o  t h e  C a l v i n g  Law 

The c o n t i n u i t y  e q u a t i o n  f o r  t h e  te rm inus  i s  w r i t t e n  

where x i s  t h e  t i m e  r a t e  o f  change of t h e  p o s i t i o n  o f  t h e  te rm inus  X on 

t h e  x - a x i s ,  wh ich  i s  h o r i z o n t a l  and p o s i t i v e  i n  t h e  d i r e c t i o n  o f  t h e  f l o w  

and has x=o a t  t h e  head o f  t h e  g l a c i e r ;  S i s  t h e  area of t h e  p r o j e c t i o n  

of t h e  te rm inus  o n t o  a v e r t i c a l  p l a n e  normal t o  t h e  x - a x i s ;  Q i s  t h e  

volume f l u x  of i c e  t o  t h e  te rminus;  and, Q, i s  t h e  i c e b e r g  c a l v i n g  f l u x  

from t h e  te rm inus .  The r a t i o s  Q/S r V and Q c / S  I V c  a r e  d e f i n e d  t o  be, 

r e s p e c t i v e l y ,  t h e  average g l a c i e r  speed a t  t h e  te rm inus  and t h e  c a l v i n g  

s peed. 

The c a l v i n g  l a w  r e l a t e s  V c  t o  g e o m e t r i c a l  o r  o t h e r  measurab le  p rop -  

e r t i e s  o f  t h e  te rm inus ,  so t h a t  Qc can be c a l c u l a t e d .  The g e o m e t r i c a l  

p r o p e r t i e s  o f  t h e  t e r m i n u s  though t  t o  be niost  i m p o r t a n t  i n c l u d e  water  

d e p t h  hw and i c e - s u r f a c e  h e i g h t  h where h  = hw + h  i s  t h e  t o t a l  i c e  
9 ' 9 



t h i c k n e s s ,  Center1  i n e  ( o r  maximum) v a l u e s  a r e  he re  d e s i g n a t e d  w i t h  ( * ) ;  

t h e  absence o f  a  s u p e r s c r i p t  d e s i g n a t e s  a t o t a l  o r  a n  average over  t h e  

w i d t h .  A l s o  of i n t e r e s t  i s  how c l o s e  t h e  te rn l i nus  i s  t o  f l o a t i n g ,  wh ich  
A A 

can be measured by a  buoyancy r a t i o  p h /pih where p and p j  a r e  t h e  
W W W 

d e n s i t i e s  of water  and i c e ,  r e s p e c t i v e l y .  

Data s e t s  were o b t a i n e d  f o r  V ,  X ,  h  , hw, and S f r o m  r e c e n t  obse rva -  
9 

t i o n s  on 12 i m p o r t a n t  c a l v i n g  g l a c i e r s ;  Q, Q and V c  were then  c a l c u l a t e d .  c ' 
These r e s u l t s  a r e  l i s t e d  i n  t a b l e  2. 

Few of t h e s e  d a t a  cove r  t h e  upper  r a n g e  o f  v a l u e s  p e r t i n e n t  t o  a  

v e r y  r a p i d  r e t r e a t  phase o f  Columbia G l a c i e r .  T h e r e f o r e  a method was 

d e v i s e d  t o  e s t i m a t e  v a l u e s  o f  t h e  v a r i a b l e s  from c e r t a i n  p a s t  r a p i d  

r e t r e a t s ,  a s  f o l l o w s .  The c o n t i n u i t y  e q u a t i o n  i n t e g r a t e d  ove r  t h e  e n t i r e  

g l a c i e r  su r face  g i v e s  

where b i s  t h e  ba lance  r a t e  ( i n  rn o f  i c e - e q u i v a l e n t  per y e a r )  and h  i s  

t h e  t i m e  r a t e  of -change o f  t h e  s u r f a c e  e l e v a t i o n  ( p o s i t i v e  i n  t h e  case  

of t h i c k e n i n g ) ,  b o t h  measured i n  t h e  v e r t i c a l ,  and W i s  t h e  w i d t h .  

The i n t e g r a l  i n  e q u a t i o n  2 can  be p a r t i t i o n e d  i n t o  t h e  sum of t h e  ba lance  

f l u x  Qb and t h e  t h i c k n e s s  change f l u x  Qh, 

The ba lance  f l u x  i s  c a l c u l a t e d  u s i n g  a known b ( z )  f u n c t i o n .  The o n l y  

a v a i l a b l e  b ( z )  d a t a  f o r  a m a r i t i m e  g l a c i e r  i n  A laska i s  t h a t  c o l l e c t e d  

a t  Wo lve r ine  G l a c i e r  fo r  1966-1980, The a v e r a g e  Qb over  t h e  t i m e  i n t e r v a l  



o f  measurement i s  t aken  t o  be t h e  average o f  t h e  i n t e g r a l  eva lua ted  a t  

t h e  beg inn ing  o f  t h e  p e r i o d  o f  o b s e r v a t i o n  ( t i m e  t = 0) and t h a t  a t  t h e  

end of t h e  p e r i o d  o f  o b s e r v a t i o n  ( t  = T ) .  Because b ( z )  i s  n o t  known a t  

any  o t h e r  p a r t i c u l a r  g l a c i e r ,  n o r  i s  i t s  v a r i a t i o n  w i t h  t i m e  known, Qb 

c a l c u l a t e d  t h i s  way i s  o n l y  a  c r u d e  e s t i m a t e .  For  t h e  r a p i d l y  r e t r e a t i n g  

g l a c i e r s  o f  g r e a t e s t  i n t e r e s t  here,  Qb i s  v e r y  smal l  compared w i t h  Qh, 

and o n l y  p r o v i d e s  a smal l  c o r r e c t i o n  t o  t h e  t o t a l  f l u x .  

The ave rage  t h i c k n e s s  change f l u x  Qh, i s  de te rm ined  f rom 

where Go and GT a r e  t h e  volumes o f  t h e  g l a c i e r  a t  t = 0 and T r e s p e c t i v e l y .  

The ave rage  c a l v i n g  f l u x  i s  t hen  c a l c u l a t e d  f r o m  e q u a t i o n  1, where S a s  

w e l l  a s  h  and h  a r e  taken  t o  be averages o v e r  t h e  d i s t a n c e  o f  r e t r e a t  
9 W 

from t i m e  0 t o  t i m e  T. These r e s u l t s ,  1  i s t e d  i n  t a b l e  2 under  method 2, 

a r e  i n h e r e n t l y  l e s s  a c c u r a t e  than  t h o s e  taken  f r o m  modern o b s e r v a t i o n s  

because o f  t h e  a v e r a g i n g  procedure .  
- 

Form o f  t h e  C a l v i n g  Law 

An i n t u i t i v e  c o n s i d e r a t i o n  o f  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  i c e  

a t  t h e  t e r m i n u s  of  a  c a l v i n g  g l a c i e r  suggests t h a t  t h e  c a l v i n g  speed i s  a 

f u n c t i o n  o f  some c o m b i n a t i o n  o f  t h e  v a r i a b l e s  hg, h,, h, t h e  f o r c e  on  t h e  

bed g(pih - pWhW) where g i s  t h e  a c c e l e r a t i o n  o f  g r a v i t y ,  and /o r  on t h e  

i c e  t h i c k n e s s  necessary  f o r  f l o t a t i o n ,  hf = pWhw/pi. Thus t h e  c a l v i n g  

l a w  i s  assumed t o  have t h e  fo rm 



w h e r e @ =  1, h, hw, hg, o r  hf,  a n d Y :  h  o r  ( p . h  - p  h ) ,  and c  i s a  
1 W W 

c o e f f i c i e n t  t o  be de te rm ined .  

The p o s s i b i l i t y  t h a t  c a l v i n g  i s  i n f l u e n c e d  by o t h e r  v a r i a b l e s  such 

a s  accurr lulated s t r a i n ,  i c e  speed, water  temperature ,  o r  s t a t e  o f  t h e  t i d e  

canno t  be d i s c o u n t e d .  However, t h e r e  i s  no d i r e c t  ev idence  f o r  A laskan  

g l a c i e r s  t h a t  t h e s e  v a r i a b l e s  need t o  be separa ted e x p l i c i t l y .  S t u d i e s  

a t  Columbia G l a c i e r  show t h a t  c a l v i n g  even ts  a r e  s t a t i s t i c a l l y  u n c o r r e l a t e d  

w i t h  s t a t e  of t i d e .  On t h e  o t h e r  hand, seasonal r u n o f f  v a r i a t i o n s  and 

l a k e - o u t b u r s t  e v e n t s  appear t o  cause s h a r p l y  i nc reased  c a l v i n g  ( S i k o n i a  

and Post ,  1979).  T h i s  d i f f i c u l t y  i s  p a r t l y  avo ided  h e r e  by c o n s i d e r i n g  

o n l y  y e a r l y  averages;  u n p r e d i c t a b l e  f u t u r e  o u t b u r s t s  add some u n c e r t a i n t y  

t o  y e a r l y  ave rage  p r e d i c t i o n s .  

E q u a t i o n  5 was t e s t e d  a g a i n s t  t h e  d a t a  shown i n  t a b l e  2. I n  a d d i t i o n ,  
A A A 

* a  t h e  f u n c t i o n  V c  = c ( 2 h  - h  ) and t h e  two-parameter f u n c t i o n s  V c  = c ( h  o r  hw) 
W 

h 

and V c  = c h w  + a were i n c l u d e d  i n  t h i s  s tudy.  The r e s u l t s  a r e  shown i n  

t a b l e  3. - 

S u r p r i s i n g l y ,  one of t h e  s i m p l e s t  of t h e  p o s s i b l e  c a l v i n g  l a w s  

g i v e s  a n  e x c e l l e n t  f i t  t o  t h e  d a t a ,  w i t h  a goodness o f  f i t  o f  0.84. The 

b e s t  e s t i m a t e  of t h e  c o e f f i c i e n t  c i s  17.0 y-l. The power- law r e g r e s s i o n s  

show t h a t  t h e  b e s t - f i t  r e l a t i o n  i s  v e r y  c l o s e  t o  l i n e a r ,  and t h e  two- 

parameter  1 i n e a r  r e l a t i o n  shows t h a t  c a l v i n g  i s  a p p r o x i m a t e l y  z e r o  when 

t h e  wa te r  d e p t h  i s  zero,  f u r t h e r  s u p p o r t i n g  t h e  s i m p l e  one-parameter,  



one i n d e p e n d e n t - v a r i a b l e  c a l v i n g  law, T h i s  c a l v i n g  l a w  and t h e  d a t a  on 

wh ich  i t  i s  based a r e  i l l u s t r a t e d  i n  f i g u r e  2 .  

Obv ious l y ,  such a c a l v i n g  l a w  canno t  be c o r r e c t  f o r  a f l o a t i n g  

g l a c i e r .  None o f  t h e  c a l v i n g  g l a c i e r s  observed were f l o a t i n g ;  t h e  r a t i o  

of  f l o a t i n g  t h i c k n e s s  t o  a c t u a l  t h i c k n e s s  does n o t  exceed 0.93 f o r  t hose  

g l a c i e r s  l i s t e d  i n  t a b l e  2 .  The c a l v i n g  speed t o  be expected i f  one o f  

these g l a c i e r s  were t o  f l o a t  i s  unknown. Greenland o u t l e t  g l a c i e r s  w i t h  

f l o a t i n g  t e r m i n i  e x h i b i t  h i g h  c a l v i n g  speeds; i n  t h e  case o f  Jacobshavn 

G l a c i e r  t h e  c a l v i n g  speed exceeds 7 knl p e r  y e a r .  

FLOW MODELING 

Data A c q u i s i t i o n  Program 

The speed o f  f l o w  of a g l a c i e r  depends,. i n  g e n e r a l ,  on  t h e  th i ckness ,  

s u r f a c e  s lope,  shape of channe l ,  and t h e  r h e o l o g i c a l  p r o p e r t i e s  o f  i c e  

(e.g. ,  Pa te rson ,  1969). The d i s c h a r g e  t h r o u g h  a g i v e n  c r o s s  s e c t i o n  a l s o  

i s  equal  t o  t he  mass-balance r a t e  rninus t h e  r a t e  of change o f  t h i c k n e s s  

i n t e g r a t e d  o v e r  the s u r f a c e  area above t h a t  c r o s s  s e c t i o n  ( e q u a t i o n  2 ) .  

The o r i g i n a l  o b j e c t i v e  o f  t h i s  p r o j e c t  was t o  measure v e l o c i t y ,  t h i c k n e s s ,  

s lope,  bed topography,  mass balance,  and r a t e  o f  change o f  t h i c k n e s s  a t  

a  l a r g e  number o f  p o i n t s  o v e r  t h e  g l a c i e r  i n  t h e  hope t h a t  t h e  n u l ~ l e r i c a l  

v a l u e s  of t h e  f l o w - l a w  parameters  c o u l d  be c l o s e l y  e s t i m a t e d  and t h e  

niodel i n g  c o u l d  be c o n f i d e n t l y  c a r r i e d  ou t .  Because o f  t h e  c o m p l e x i t y  

of t h i s  l a r g e  g l a c i e r  and some d i f f i c u l t i e s  i n  t h e  f i e l d  work, i t  was n o t  

p o s s i b l e  t o  a c h i e v e  t h i s  l e v e l  o f  d e t e r m i n a t i o n  o f  t h e  f l o w  mode l i ng .  

F o r t u n a t e l y ,  s u f f i c i e n t  d a t a  do  e x i s t  so t h a t  gaps  i n  cove rage  i n  i m p o r t a n t  



areas  can be f i l l e d  i n .  

Dur ing  t h e  measurement year ,  d e f i n e d  a s  September 1 ,  1977, t o  

August  30, 1978, a  f i e l d  progralr  was under taken t o  rrieasure t h e  f l o w ,  

t h i c k n e s s ,  balance,  and change i n  t h i c k n e s s  a t  many p o i n t s  ove r  Columbia 

G l a c i e r  (Me ie r  and o t h e r s ,  1978; Mayo and o t h e r s ,  1979). Some nieasurenient 

programs were e x t r m e l y  successfu l ;  f o r  i ns tance ,  s u r f a c e  v e l o c i t y  was 

~ r ~ e a s u r e d  abou t  e v e r y  45  days a t  200-300 p o i n t s  ( S i k o n i a  and Post, 1979).  

Some programs i n v o l v e d  new procedures;  f o r  i ns tance ,  mass-balance o b s e r v a t i o n s  

c o n s i d e r  n o t  o n l y  s u r f a c e  g a i n s  o r  l o s s e s  and subsur face accumula t ion,  

b u t  a l s o  subsur face  m e l t i n g  due t o  l o s s  o f  p o t e n t i a l  energy by t h e  f l o w i n g  

i c e  (Mayo and o t h e r s ,  1979).  U n f o r t u n a t e l y ,  t h e  i c e - t h i c k n e s s  measurement 

program, i n  s p i t e  o f  c o n s i d e r a b l e  e f f o r t ,  was n o t  a s  success fu l ;  o n l y  

abou t  110 good measurements c o u l d  be ob ta ined .  Thus i t  was necessary  t o  

use v e l o c i t y  and o t h e r  d a t a  t o  i n f e r  i c e  t h i c k n e s s  ove r  l a r g e  areas.  

The d a t a  r e q u i r e m e n t s  f o r  t h i s  p r o j e c t  a r e  e x t r e m e l y  s t r i n g e n t  

compared w i t h  those  normal l y  encountered i n  g l a c i e r  model i ng .  G l a c i e r  

model s  o f  t e n  begi-n w i t h  a p r e s c r i b e d  bedrock c o n f i g u r a t i o n  and a  mass- 

ba lance f u n c t i o n .  The model then  "grows" a  s imu la ted  g l a c i e r ;  i n  t h e  

course  of  t h i s  g r o w t h  ove r  many s imu la ted  years ,  t h e  c o n d i t i o n  o f  c o n t i n u i t y  

and c reep  l a w  o f  i c e  a r e  obeyed. The r e s u l t a n t  s t e a d y - s t a t e  g l a c i e r  i s  

f r e e  o f  s p u r i o u s  t r a n s i e n t  e f f e c t s .  The Columbia G l a c i e r  p r e d i c t i o n ,  on 

t h e  o t h e r  hand, beg ins  w i t h  a  marked ly  non-steady g l a c i e r ,  and then  must  

s i m u l a t e  changes i n  t h e  n e x t  t e n  years ,  as  opposed t o  hundreds o r  thousands 

o f  years .  If t h e  d a t a  s e t  does n o t  obey c o n t i n u i t y  or t h e  c r e e p  law 

th roughou t  t h e  s o l u t i o n  r e g i o n ,  then t h e  ensuing s i m u l a t i o n  w i l l  i n c l u d e  



spur ious  mass  r e d i s t r i b u t i o n .  Thus, a  s o p h i s t i c a t e d  and time-consuming 

da ta  ad justment  and ba lanc ing procedure was requ i r ed .  

Data Adjustment U s i n g  t h e  C o n t i n u i t y  Equat ion 

The volume f l u x  Q through the c ross  sec t i on  a t  x  i s  g i v e n  by 

where V (z )  i s  the  magnitude a t  dep th  and V i s  t h e  magnitude a t  the  

surface o f  t h e  component o f  t h e  v e l o c i t y  normal t o  t h e  c r o s s  sec t ion ,  and 

y i s  a parameter t h a t  r e l a t e s  V t o  the  average v a l u e  o f  t he  component 

over t he  v e r t i c a l  column. Combining t h i s  w i t h  equa t ion  2 y i e l d s  

The approximate va l ue  o f  y can be i n f e r r e d  from o the r  s t u d i e s  as about  

0.85 except  i n  those l o c a l  areas where a lmost  a1 l o f  t h e  f l o w  i s  due 

t o  s l i d i n g .  Equat ion 8 was used t o  a d j u s t  t h e  i n f e r r e d  d i s t r i b u t i o n  o f  

b and h i n  u rmeas~ red  areas above c ross  sec t i ons  where h ( y )  i s  known. 

Fo l l ow ing  t h i s  procedure, equat ion 8 was used t o  es t imate  t h i c kness  

a t  c r o s s  sec t i ons  where i t  cou ld  no t  be measured. 

The da ta  s e t  r e s u l t i n g  from t h i s  i n i t i a l  one-dimensional da ta  

ad jusbnen t  wasthen used as i n p u t  t o  a  two-dimensional procedure. The 

c o n t i n u i t y  equa t ion  i s  w r i t t e n  as  



where Q i s  t h e  volume f l u x  v e c t o r  and V the s u r f a c e  v e l o c i t y  v e c t o r .  

T h i s  was then  c a l c u l a t e d  over  each c e l l  o f  a h o r i z o n t a l  71-by-63 g r i d  

o f  c e l l  s i z e  = 7 6 2 . 5  rn. Apparent f l u x  d i ve rgence  a s  h i g h  as 1000 m/y 

occur red  when V a n d  h were taken  frorri p r e l i m i n a r y  maps c a r e f u l l y  p re -  

pared from t h e  f i e l d  da ta ,  y e t  6-h  i s  g e n e r a l l y  l e s s  than 10 mly .  T h i s  

i n d i c a t e s  t h e  need f o r  i n c o r p o r a t i n g  two dimensions i n  t h e  ad jus tment .  

Cons ide r ing  a v e r t i c a l .  column through a  p l a n  c e l l ,  t h e  c o n t i n u i t y  

e q u a t i o n  i n  i n t e g r a l  fo rm i s  approximated as 

where n i s  t h e  outward normal t o  t h e  c e l l  boundary, P i s  i t s  area, 

B i s  t h e  v e r t i c a l  column sur face ,  and R i s  t h e  boundary o f  t h e  c e l l  on 

a  h o r i z o n t a l  p lane .  The f o l  l ow ing  o b s e r v a t i o n  equa t ions  a r e  formed 

f o r  each c e l l ,  and - 

f o r  each g r i d  p o i n t .  Here V=(Vx,V ) and h a r e  a d j u s t e d  v a l u e s  o f  v e l o c i t y  
Y 

and i c e  depth,  and Vo=(V V ) and h,, a r e  t h e  unad jus ted  va lues .  xo' yo 



u,,, c l x ,  uY, and o h  a r e  e s t i m a t e d  e r r o r s  a s s o c i a t e d  w i t h  t h e  c o n t i n u i t y  

e q u a t i o n  and w i t h  V x ,  " Y 
, and h t t ia  t v a r y  over  t h e  g r i d  t o  accoun t  f o r  

s p a t i a l  v a r i a t i o n  i n  o b s e r v a t i o n a l  qua1 i t y  and d e n s i t y .  Rb, Rx, Ry, and R h  

a r e  t h e  r e s i d u a l s  and b and  h a r e  h e l d  f i x e d  a t  t h e  v a l u e s  r e s u l t i n g  fromi 

t h e  one-d imens iona l  ad jus tmen t .  Ad jus ted  v a l u e s  V x ,  
"Y'  

a n d  h were then  

de te rm ined  t o  n i i n i l n i ze  

t h e  sum r u n n i n g  o v e r  a l l  o b s e r v a t i o n  e q u a t i o n s  f o r  a1 1 c e l l s  o r  g r i d  

p o i n t s ,  and w i t h  R one of R b ,  R x ,  Ry. O r  Rh, and o t h e  c o r r e s p c n d i n g  

one o f  0 , ox, oy, o r  uh. The b and h were a d j u s t e d  s l i g h t l y  so t h a t  

e q u a t i o n  1 0  was s a t i s f i e d  e x a c t l y  when summed over t h e  whole g l a c i e r ,  

and t h e  sum was equal  t o  t h e  t o t a l  d i s c h a r g e  from t h e  te rm inus .  

The r e s u l t  o f  t h i s  compu ta t i on  i s  a s e t  o f  v a l u e s  of 6, h, u,. uy, 

and h  t h a t  uses a1 1  measurement d a t a  and t h a t  i s  i n t e r n a l l y  c o n s i s t e n t  

w i t h  r e s p e c t  t o  t h e  c o n t i n u i t y  equa t ion ,  assuming Y t o  be c o n s t a n t .  

However, t h e  flowlaw o f  i c e  i s  n o t  n e c e s s a r i l y  obeyed. T h i s  s l i g h t l y  

i n v a l  i d a  t e s  t h e  agreement o f  t h e  d a t a  t h r o u g h  t h e  c o n t i n u i t y  e q u a t i o n  

i n  t h a t  y a c t u a l l y  v a r i e s  ove r  t h e  g r i d  t o  a c c m o d a t e  the  c o r r e c t  

i c e  f l o w ,  i n c l u d i n g  t h e  presence o f  s l i d i n g  a t  t h e  bed. 



E x t e n s i o n  o f  t h e  Data N e t  t o  t h e  C a l v i n g  Ter r i~ inus  

V e l o c i t y  and d e f o n ~ ~ a t i o n  i n c r e a s e  r a p i d l y  as  i c e  approaches t o  

w i t h i n  1000 m o f  t h e  te rm inus  of Columbia G l a c i e r  and c o u i d  n o t  be 

measured a c c u r a t e l y ,  b u t  i c e  su r face  a1 t i t u d e  hg and water  d e p t h  hw a t  

t h e  te rm inus  were measured. Ice d i s c h a r g e  a long  a  t r a n s v e r s e  p r o f i l e  

2.81 km u p g l a c i e r  f r o m  the  te rm inus  i s  known f o r  the  1977-78 measurement 

y e a r  t o  an accu racy  of a b o u t  5 p e r c e n t  a s  a r e s u l t  o f  t h e  two-dimensional  

ad jus tmen t .  A h o r i z o n t a l  c u r v i l  i n e a r  c o o r d i n a t e  system f o r  u s e  i n  

ex tend ing  t h e  f l o w  d a t a  t o  t h e  te rm inus  was c o n s t r u c t e d  so t h a t  t h e  

c o o r d i n a t e  5 everywhere f o l l o w s  t he  f l o w  d i r e c t i o n  a s  d e f i n e d  by t h e  

a d j u s t e d  da ta  se t ;  < i s  t h e  h o r i z o n t a l  c o o r d i n a t e  o r t h o g o n a l  t o  5. 

The d i sc harg e  component 
* 
Q : AcVhY 

i s  d e f i n e d  a s  t h e  f l o w  i n  a st ream shee t  bounded by two v e r t i c a l  s u r f a c e s  

p a r a l l e l  t o  t h e  5 - d i r e c t i o n  and separa ted by  t h e  w i d t h  A < ;  i t  as  assumed 

t h a t  t h e  v e l o c i t y  v e c t o r s  a t  d e p t h  a r e  para1 l e l  t o  those  a t  t h e  su r face .  
* 
QO(<) a t  5 = 0 i s  o b t a i n e d  by  ma tch ing  t h e  t w o - d i m e n s i o n a l l y  a d j u s t e d  

v a l u e s  a t  t h e  t r a n s v e r s e  p r o f i l e  2.81 h u p g l a c i e r  from t h e  te rm inus .  

The t e r m i n u s  p o s i t i o n  E , ( < )  was measured from t h e  s i x  photogrammetr ic  

d e t e r m i n a t i o n s  d u r i n g  t h e  measurement y e a r  and then  averaged. Because 
* 
Q ( 5 )  i s  c o n s t a n t  e x c e p t  f o r  t h e  g a i n  o r  l o s s  of m a t e r i a l  a t  t h e  s u r f a c e ,  

* 
t h e  te rm inus  d i s c h a r g e  Qe(< )  i s  g i v e n  by 



Values o f  h, and h were nieasured a t  [,(<); t h e  average t e r m i n u s  
g 

advance x ( 5 )  was computed f rom 

A t  the t e r r r ~ i n u s  i t  i s  assumed t h a t  t h e  speed a t  t h e  su r face  equa ls  t h a t  

a t  dep th ,  so i c e  speed V ( < j  i s  ob ta ined  f r o m  

The c a l v i n g  speed V,(<) i s  d e f i n e d  by 

Values of Q, i, V ,  V,, hw, and h  a t  t h e  te rm inus  were t h e n  found  
9 

i n t e g r a t i n g  a l o n g  t h e  te rm inus  face. Thus 

and s i m i l a r l y  f o r  o t h e r  v a r i a b l e s .  A1 so, average i c e  s u r f a c e  a1 t i t u d e s  

a t  5 = 0, 1, 2, and 2.5 km were obta ined f rom photogrammetr ic  data a t  - 
v a r i o u s  t i m e s  by s i m i l a r  i n t e g r a t i o n s  w i t h  r e s p e c t  t o  <. 



THE OYNAFI IC  MODEL 

Predictions of the future behavior of Columbia Glacier were made 

using a one-d imensional numerical model of tmpera te-glacier flow 

developed by Bindschadl er (1978). This model has been used successfully 

i n  model ing the motion of t h e  surge-type Variegated Glacier in Alaska and 

the calving Griesgletscher i n  Switzerland, For each t i m e  step, the model 

calculates the motion of the glacier a t  a series of transverse sections, 

and from mass continuity calculates how the surface will change. 

Theory and experimental work indicate that the creep ra te  of ice  can 

be expressed as  

where i s  the shear deformation ra te ,  T i s  the corresponding shear 

s t ress ,  and A and n are  the flow-law parameters. Within the ice the shear 

s t ress  a t  a vertical depth z i s  

- -r = p i g z  sin a (20) 

where pi i s  the density of the ice,  g i s  the acceleration due t o  gravity,  

and a i s  the surface slope. When z=h, the ice thickness, equation 20 

gives the maximum shear s t ress  a t  the bed. This must be modified by a 

mu1 tip1 icative shape factor ,  f ,  t o  give the average base s t ress  over the 

complete transverse cross section (Nye, 1965), 

= b  = fp.gh sin a ,  
1 



L o n g i t u d i n a l  s t r e s s e s  w i t h i n  t h e  i c e  can  be p a r t i a l l y  accounted 

f o r  by averay  i n 3  t h e  l o c a l  base s t r e s s  ( e q u a t i o n  21 ) over  a r e g i o n  l a r g e r  

than  t e n  t i r r ~ e s  t h e  i c e  t h i c k n e s s .  For  a f i n e  g r i d  spacing,  use  of t h e  

r e g i o n a l  b a s e - s t r e s s  r e s u l t s  i n  a n u m e r i c a l  i n s t a b i l i t y  o f  t h e  model ,  

making i t  necessary  t o  compute an " e f f e c t i v e  base s t r e s s " ,  

where Tb i s  t h e  r e g i o n a l  base s t r e s s .  T h i s  e f f e c t i v e  base s t r e s s  l i n e a r l y  

combines t h e  r e g i o n a l  and l o c a l  s t r e s s  v a l u e s ,  p r e s e r v i n g  t h e  b a s i c  

smoothness of Yb w h i l e  a1 l o w i n g  a n u m e r i c a l l y  s t a b l e  compu ta t i on  method. 

F o l l o w i n g  cus tomary  p r a c t i c e  ( e . g , ,  Paterson,  1969), e q u a t i o n  22 

can  be s u b s t i t u t e d  i n t o  e q u a t i o n  19  and i n t e g r a t e d  from su r face  t o  bed 

g i v i n g  

2Ah n  
V = V b  + - ( f p g h  s i n  a)  = V,, + Vd n+ 1 ( 2 3 )  

where V i s  t h e  v e l o c i t y  a t  t h e  su r face ,  V b  i s  t h e  s l i d i n g  v e l o c i t y  a t  

t h e  bed, and Vd i s  t h e  d e f o r m a t i o n a l  v e l o c i t y .  Basal  s l i d i n g ,  s i g n i f i c a n t  

ove r  t h e  l ower  { l a c i e r ,  was c a l c u l a t e d  b y  fo rming t h e  r a t i o  X=V / V .  
b  

n  
The p r o p o r t i o n a l i t y  of V b  t o  h ~  co r responds  c l o s e l y  t o  r e l a t i o n s h i p s  

e f  f 

suggested by Budd e t  a1 (1979) and B i n d s c h a d l e r  ( i n  p r e p a r a t i o n )  where 

t h e  e f f e c t  of p r e s s u r i z e d  s u b g l a c i a l  wa te r  i s  t o  cause i n c r e a s i n g  bed 

1  u b r i c a t i o n  as t h e  t e r m i n u s  i s  approached. 

The volume f l u x  i s  w r i t t e n  a s  

Q = (f*Vd f A V b ) S  



where f * V d  and A V b  a r e  t h e  d e f o r m a t i o n  and s l i d i n g  components o f  v e l o c i t y ,  

r e s p e c t i v e l y ,  averaged over  t h e  e n t i r e  c r o s s - s e c t i o n a l  area.  The r a t e  o f  

i c e - t h i c k n e s s  change i s  o b t a i n e d  f ro r r~  t h e  e q u a t i o n  o f  c o n t i n u i t y  

( e q u a t i o n  2 ) :  

T h i s  p a r a m e t e r i z a t i o n  o f  g l  a c i e r  dynamics ?as t h e  advantage t h a t  

f and f* a r e  i n s e n s i t i v e  t o  changes i n  g l a c i e r  geometry and c c n  t h e r e f o r e  

be c o n s i d e r e d  c o n s t a n t  i n  t ime .  The s e n s i t i v i t i e s  o f  h and A a r e  l e s s  

w e l l  known b u t  were a l s o  assumed c o n s t a n t  i n  t ime.  

The p o s i t i o n  o f  t h e  t e r m i n u s  was de te rm ined  f r o m  t h e  c a l c u l a t e d  

volume f l u x  ( e q u a t i o n  2 4 ) ,  a c a l v i n g  speed c a l c u l a t e d  f rom e q u a t i o n  6, 

and t h e  c r o s s - s e c t i o n a l  a rea .  D u r i n g  t e s t  r u n s  o f  t h e  model i t  was found 

t h a t  an  a d d i t i o n a l  c o n s t r a i n t  had t o  be imposed t o  p r e v e n t  a  submerging 

te rminus,  a  b e h a v i o r  wh ich  o c c u r r e d  d u r i n g  t h e  c a t a s t r o p h i c  r e t r e a t  

phase. When t h e  t e r m i n u s  t h i n n e d  be low t h e  f l o t a t i o n  t h i c k n e s s ,  t h e  

f l o a t i n g  i c e  was removed from t h e  g l a c i e r  end. I n  a d d i t i o n ,  a f r a c t i o n  

of t h i s  i c e  was added over  t h e  l a s t  g l a c i e r  s e c t i o n  t o  p r e v e n t  any 

d i s c o n t i n u i t i e s  i n  t h e  c a l c u l a t e d  volurne f l u x e s  a s s o c i a t e d  w i t h  t h e  

removal of t h e  f l o a t i n g  i c e .  

The dynamic a n a l y s i s  f o l l o w e d  t h i s  o r d e r  o f  c a l c u l a t l ' o n :  F i e l d  

measurements, a d j u s t e d  by c o n t i n u i t y  a c c o r d i n g  t o  equa t ions  10-12, 

p r o v i d e d  v a l u e s  o f  b and h so t h a t  e q u a t i o n  25  c o u l d  be so l ved  f o r  

A Q l A x  and, assuming a  boundary f l u x ,  i n t e g r a t e d  t o  c a l c u l a t e  Q ( x ) .  

Va lues o f  t h e  f l o w - l a w  parameters ,  n=3, A = . ]  b a r - 3 y - 1  were assumed. 



" A p r o f i l e  of  f ( x )  was e s t i m a t e d  co r respond ing  t o  t h e o r e t i c a l  v a l u e s  

c a l c u l a t e d  f o r  i c e  f l o w  i n  a  p a r a b o l i c  channel  (Nye, 1965).  Then b y  

making t h e  b e s t  p o s s i b l e  i n i t i a l  e s t i m a t e s  o f  h ( x ) ,  V (x ) ,  f * ( x ) ,  x ( x ) - ,  

and A ( x )  based on a v a i l a b l e  d a t a ,  t hese  q u a n t i t i e s  were a d j u s t e d  w i t h i n  

s p e c i f i e d  e r r o r  bounds t o  produce a s e t  o f  p r o f i l e s  wh ich  s a t i s f i e d  

e q u a t i o n s  19 t h r o u g h  25. The non-1 i n e a r i  ty  o f  t h e  system ( e q u a t i o n  19 )  

r e s u l t e d  i n  a s e l f - c o n s i s t e n t  s o l u t i o n  w i t h o u t  m a j o r  a1 t e r a t i o n s  

r e q u i r e d  w i t h i n  any o f  t h e  p r o f i l e s .  

The r e g i o n  modeled was t h e  l ower  13.72 km o f  t h e  g l a c i e r .  N i n e t e e n  

g r i d p o i n t s  were used a t  a  spac ing of 762.5 m .  A c o n s t a n t  volume f l u x  

of 1.343 h 3 / y  was s p e c i f i e d  a t  t h e  head o f  t h i s  r e g i o n .  Va lues o f  t h e  

c a l v i n g  c o e f f i c i e n t  ( e q u a t i o n  6 )  used were 14.739, 16.9, and 20 y-I .  

The f i r s t  v a l u e  co r responds  t o  an i n i t i a l  e q u i l i b r i u m  o f  t h e  te rm inus  

p o s i t i o n  w h i l e  t h e  l a t t e r  two bound t h e  r e g i o n  o f  c v a l u e s  deduced f ron i  

measurements of o t h e r  c a l v i n g  g l a c i e r s .  I n i t i a l l y  a time s t e p  of .O1 y 

was used b u t  d u r i n g  t h e  c a t a s t r o p h i c  r e t r e a t s  t h i s  had t o  be reduced t o  

.001 y ( a p p r o x i m a t e l y  50 m i n u t e s )  t o  a1 low t h e  r a p i d  r e t r e a t  t o  be 

compu ted .  
* 



THE CALVING MODEL 

Another model was cons t ruc ted  i n  which t he  d i f f  i c u l  t y  of p r o p e r l y  

app l y i ng  t h e  f l ow  phys ics  was n o t  at tempted. Ins tead,  a g l a c i o l o g i c a l  l y  

reasonable  l o n g i t u d i n a l  p r o f i l e  f o r  a  r e t r a c t e d  p o s i t i o n  i s  assumed; 

then,  f o r  any p o s i t i o n  o f  the  terminus i n t e rmed ia te  between i t s  i n i t i a l  

p o s i t i o n  and t he  r e t r a c t e d  p o s i t i o n ,  t he  cor responding 1  ong i  t u d i n a l  

p r o f i l e  i s  s imp ly  i n t e r p o l a t e d  between t h e  i n i t i a l  l o n g i t u d i n a l  p r o f i l e  

and t h e  l o n g i t u d i n a l  p r o f i l e  assumed f o r  t h e  r e t r a c t e d  p o s i t i o n .  Also  

assumed a r e  two components o f  t he  f l u x  a t  t h e  u p g l a c i e r  end o f  t h e  

l o n g i t u d i n a l  p r o f i l e  f o r  t h e  r e t r a c t e d  p o s i t i o n :  a  f l u x  t h a t  i s  cons tan t  

i n  t ime  and a r e s e r v o i r  drawdown volume t h a t  must be d isposed o f  d u r i n g  

t h e  r e t r e a t  by a  f l u x  t h a t  increases 1 i n e a r l y  i n  t ime. The model uses 

those two f l u x  components a long w i t h  equa t ion  2 t o  determine t h e  g l a c i e r  

f l u x  t o  t h e  terminus,  equa t ion  6 t o  determine t h e  i ceberg  f l u x  f rom t h e  

terminus, and equa t ion  1 t o  determine t he  r e t r e a t  r a t e .  

Th i s  model was t es ted  a g a i n s t  McCarty G l a c i e r  1942-50 data,  a 
& 

p e r i o d  when t h i s  g l a c i e r  was undergoing r a p i d  r e t r e a t .  The r e s u l t i n g  

r e t r e a t  scenar io  agrees w i t h  what i s  known about t h e  g l a c i e r  a t  t h a t  

t ime.  

The model was a p p l i e d  t o  t he  Columbia G l a c i e r  by assuming two 

d i f f e r e n t  l o n g i t u d i n a l  p r o f i l e s  ( f r o m  x  = 52.6 lan t o  x  = 57.1 lan; see 

f i g u r e  3 )  f o r  t he  r e t r a c t e d  p o s i t i o n ,  one corresponding t o  a 2.2 lan3 

drawdown of i c e  above x = 52.6 h and t he  o the r  t o  10.0 lan3 ( f i g u r e s  4, 5 ) .  



Columbia G l a c i e r  i s  p r e s e n t l y  t h i n n i n g ,  and t h e  r a t e  o f  t h i n n i n g  i s  

i n c r e a s i n g  w i t h  t i m e  ( f i g u r e  6 )  ( S i k o n i a  and Post,  1979; Meier  and 

o t h e r s ,  1980).  A1 so, t h i n n i n g  increases downglac ier  except  w i t h i n  one 

k i l c i n e t e r  of t h e  terminus.  The inc rease  i n  t h i n n i n g  causes a n  i n c r e a s e  

i n  s lope,  which produced a s l i g h t  b u t  measurable i n c r e a s e  i n  v e l o c i t y  

from 1977 t o  1978; from 1978 t o  1979 t h e  v e l o c i t y  remained about  c o n s t a n t  

o r  decreased s l i g h t l y  ( f i g u r e  7 ) .  From 1976 t o  1979 t h e  te rm inus  p o s i t i o n  

r e t r e a t e d  about  180 m. 

The p r e d i c t e d  t i m e  p r o f i l e s  of te rm inus  p o s i t i o n  X and c a l v i n g  f l u x  

Qc a r e  shown i n  f i g u r e  8 f o r  t h e  10.0 k m ~ r a w d o w n ,  f o r  c  = 15, 17, 

19, and 21 y-' . The e f f e c t  o f  numer ica l  e r r o r  was n e a r l y  e l  i m i ~ a t e d  

b y  examining t h e  computat ions f o r  g r i d  spacings of Ax = 500 m, 250 r n ,  

and 100 rn. 

The v a r i a t i o n  i n  t h e  p r e d i c t e d  p r o f i l e s  o f  te rm inus  p o s i t i o n  and 

c a l v i n g  f l u x  i s  ob ta ined  by v a r y i n g  c  over a range of va lues  t h a t  i s  

broader than  t he  l i k e l y  range i n d i c a t e d  i n  t h e  e s t i m a t i o n  o f  t h a t  

c o e f f i c i e n t  from s t u d y i n g  a1 1  t h e  o t h e r  g l a c i e r s .  However, o t h e r  

u n c e r t a i n t i e s  i n  t h e  c a l c u l a t i o n s ,  such as e r r o r s  i n  t h e  bed topography 

o r  changes i n  t h e  mass balance, should  be accommodated by t a k i n g  t h e  

e n t i r e  range e x h i b i t e d  i n  f i g u r e  8 as r e p r e s e n t i n g  t h e  p robab le  e r r o r  

i n  t h e  p r e d i c t i o n s  of X ( t )  and Q c ( t )  When t h e  computed terminus r e t r e a t  

r a t e s  f o r  t h e  2.2 km3 drawdown case and f h e  10.0 km3 drawdown case a r e  

compared w i t h  t h e  observed r e t r e a t  o f  t h e  terminus s i n c e  1978, i t  i s  

apparent  t h a t  o n l y  t h e  10.0 km3 case g i v e s  reasonable  r a t e s .  



A P E R S P E C T I V E  ON THE P R E D I C T I O N  

Dynamic model ing suggests t h a t  t h e  r e t r e a t  r a t e  and thus  t h e  c a l v i n g  

f l u x  may n o t  inc rease  as f a s t  d u r i n g  t h e  i n i t i a l  phase as i s  i n d i c a t e d  

by t h e  c a l v i n y  model. Dur ing  t h i s  p e r i o d  t he  g l a c i e r  t h i n s  a t  t he  terminus 

and steepens; t he  increased s lope causes a  v e l o c i t y  i nc rease  which i s  

a lmos t  s u f f i c i e n t  t o  balance the speed of c a l v i n g ,  bu t  such a c o n d i t i o n  

cannot c o n t i n u e  i n d e f i n i t e l y .  D r a s t i c  r e t r e a t  and h i gh  c a l v i n g  f l u x e s  

would be expected t o  occur before, o r  i n  t he  extreme case when, t h e  i c e  

t h i c kness  decreases t o  t h e  p o i n t  of f l o a t i n g .  The p r e d i c t e d  t imes, 

r e t r e a t  r a tes ,  and c a l v i n g  f l uxes  f o r  t h i s  extreme case a r e  i l l u s t r a t e d  

i n  f i g u r e  8.  A l t e r n a t i v e l y ,  one m igh t  expect  d r a s t i c  r e t r e a t  t o  occur  

when t he  i c e  c l i f f  h e i g h t  i s  reduced t o  o r  below t h e  80-90 m h e i g h t  

commonly observed a t  1 arge c a l v i n g  g l a c i e r s .  Th i s  produces a r e t r e a t  

r a t e  f a s t e r  than p red i c t ed  by t h e  c a l v i n g  model and f a s t e r  than has been 

observed. The cu rve  based on the  i n i t i a t i o n  o f  f l o a t i n g  can be cons idered 

as an i n d i c a t i o n  o f  t h e  maximum t ime be fo re  c a t a s t r o p h i c  r e t r e a t  ensues. 

I t  i s  i n t e r e s t i n g  t h a t  t h i s  occurs,  f o r  c 17 y-l, a t  t h e  same t ime  as 

t h e  maximum of c a l v i n g  f l u x  ( o r  g r e a t e s t  r a t e  of r e t r e a t )  p r e d i c t e d  by 

t h e  c a l v i n g  model. The i n i t i a l  r e t r e a t  r a t e s  c a l c u l a t e d  by t h e  dynamic 

model and by assuming t he  cons tan t  i c e - c l i f f  h e i g h t  c r i t e r i a  b racke t  t h e  

p r e d i c t i o n  g i v e n  by t h e  c a l v i n g  model, l end ing  a d d i t i o n a l  credence t o  t h e  

c a l v i n g  model. 

The c a l v i n g  model p r e d i c t s  t h a t  t he  iceberg d ischarge  f rom Columbia 

G l a c i e r  w i l l  i nc rease  t o  a  peak i n  t he  p e r i o d  1982-85, and t h a t  t h e  peak 

d ischarge  w i l l  be i n  t he  range of 8-11 kn13/y, about 6-8 t imes  t h e  1978 



d i s c h a r g e .  By 1986 t h e  g l a c i e r  w i l l  have r e t r e a t e d  abou t  8 km, and t h e  

i c e b e r g  d i s c h a r g e  w i l l  have decreased t o  abou t  t h r e e  t imes  t h a t  o f  1978. 

Retreat w i l l  t hen  c o n t i n u e  f o r  seve ra l  decades. 

U n f o r t u n a t e l y ,  i t  i s  n o t  p o s s i b l e  t o  d e f i n e  t h e  t i r r l ing  o f  t h e  d r a s t i c  

r e t r e a t  more p r e c i s v l y .  T h i s  i s  d u e  i n  p a r t  t o  i n a c c u r a c i e s  i n  t h e  b a s i c  

d a t a  and t h e  s in ip l  if i c a t i o n s  and a p p r o x i r r ~ a t i o n s  t o  coniplex p h y s i c a l  

p rocesses i n v o l v e d  i n  t h e  rnodel s. The a b l a t i o n  r a t e  on t h e  i c e  tongue i n  

t h e  n e x t  f e w  y e a r s  may be v e r y  d i f f e r e n t  f ron l  t h a t  measured i n  1977-78 

( t h e  1979-80 w i n t e r  was t h e  snow ies t  on r e c o r d ) ,  wh ich  w i l l  a f f e c t  t h e  

t i m i n g  o f  r e t r e a t .  Perhaps most  i m p o r t a n t ,  i c e  f l o w ,  c a l v i n g ,  mass 

balance,  and many o t h e r  v a r i a b l e s  have v e r y  pronounced seasonal  f l u c t u -  

a t i o n s .  For i n s t a n c e ,  t h e  c a l v i n g  f l u x  averaged over  per iods o f  a b o u t  

45  days i n  1976-78 f l u c t u a t e d  between 0.5 and 2.8 km3/y. Year ly -averaged 

d a t a  were used i n  t h e  models,  caus ing  an i n h e r e n t  e r r o r  i n  t i m i n g  o f  a b o u t  

0.5 y .  Due t o  t h e  s e a s o n a l i t y  of c a l v i n g ,  r a p i d  r e t r e a t  i s  1  i k e l y  t o  

occu r  i n  l a t e  summer, b u t  p r e d i c t i n g  t h e  e x a c t  y e a r  i s  more d i f f i c u l t .  

The c a l v i n g  - f l u x  p r e d i c t i o n s  g i v e n  i n  f i g u r e  8 a re  smooth cu rves .  

I t  must be unders tood  t h a t  n o t  o n l y  shou ld  a  seasonal f l u c t u a t i o n  be 

superimposed on them, b u t  a l s o  t h a t  c a l v i n g  i s  v e r y  s p o r a d i c  and e p i s o d i c .  

Thus days w i l l  go by w i t h  v e r y  l i t t l e  c a l v i n g ;  i n  o t h e r  days  t h e  c a l v i n g  

may be o r d e r s  o f  magni tude more i n t e n s e .  These f l u c t u a t i o n s  w i l l  r a i s e  

t h e  peak c a l v i n g  f l u x e s  f a r  beyond t h o s e  shown i n  f i g u r e  8. 



A s  t h e  g l a c i e r  r e t r e a t s ,  t h e  te rm ina l - rno ra ine  b a r  w i l l  fo rm a 

n a t u r a l  b a r r i e r  wh ich  w i l l  p r e v e n t  t h e  escape o f  ex t re tne ly  l a r g e  i cebergs .  

U a t h y l ~ e t r i c  surveys of t h e  mora ine  b a r  found water  dep ths  v a r y i n g  from 

awash t o  a  niaxirnum o f  23  rn a t  l ower  l o w  water  (Post ,  1975) ,  t hus  l i m i t i n g  

t h e  s i z e  o f  escap ing bergs t o  those  hav ing a d r a f t  o f  l e s s  than 30 m.  

L a r g e r  bergs  p r e s e n t l y  s t r a n d  c n  t h e  rnoraine, g e n e r a l l y  b reak ing  i n t o  

s m a l l e r  f ragmen ts  w i t h i n  a  few  hours wh ich  then  d r i f t  ove r  t h e  mora ine.  

The l a r g e s t  bergs  no ted  o u t s i d e  o f  t h e  b a r r i e r  have been a b o u t  100 rn i n  

t h e i r  l o n g e s t  d imens ion,  co r respond ing  t o  a  w e i g h t  o f  a b o u t  100,000 tons.  

Even bergs  of t h i s  s i z e  me1 t r a p i d l y  i n  P r i n c e  W i l l i a m  Sound; no bergs  

have been observed t o  s u r v i v e  more than  a week, and no bergs  have been 

observed a t  d i s t a n c e s  g r e a t e r  t h a n  a b o u t  30 km f r o m  t h e  g l a c i e r .  

A l t h o u g h  l i m i t i n g  t h e  s i z e  and t h e  d i s t a n c e  i c e b e r g s  can d r i f t ,  t h e  

presence o f  t h e  mora ine  w i l l  n o t  g r e a t l y  r e s t r i c t  the d i s c h a r g e  of ice-  

bergs .  Thus r a t h e r  than  f e w  g i a n t  bergs  d r i f t i n g  o u t  o f  Columbia Bay 

a s  t h e y  a r e  r e l e a s e d  from t h e  g l a c i e r ,  much l a r g e r  numbers o f  s m a l l e r  

i c e b e r g s  w i l l  b e r e l  eased o v e r  t h e  mora ine  shoal  more f r e q u e n t l y .  

The model r e s u l t s  i n c l u d e  p r e d i c t i o n  o f  s low  r e t r e a t  d u r i n g  t h e  

i n i t i a l  f ew  yea rs .  A c a r e f u l  m o n i t o r i n g  program, begun soon, could 

check these  i n i t i a l  p r e d i c t i o n s .  T h i s  would a l l o w  t h e  p r e d i c t i o n s  o f  

r a p i d  r e t r e a t  and c a l v i n g  f l u x  t o  be c o n s i d e r a b l y  r e f i n e d .  
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Figure 1.--Index m a p  o f  south-central and southeastern Alaska 
s h o w i n g  location of calving glaciers. The numbers 
r e f e r  to t a b l e s  1 and 2. Cities and towns a r e  
indicated b y  A (Anchorage), C (Cordova), J (Juneau), 
K ( K e t c h i k a n ) ,  S (Seward), Y (Yakutat), and 
V (Valdez). 
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F i g u r e  2 . - - C e n t e r l i n e  w a t e r  d e p t h  h w  and c a l v i n ~  s p e e d  
V, f o r  t h e  g l a c i e r s  l i s t e d  in t a b l e  2 ,  
t o g e t h e r  w i t h  t h e  r c ~ r c s s i o n  l i n e  ( s o l i d )  
c o r r e s p o n d i n g  t o  c = 1 7 . 0 ,  w i t h  9 5  p e r c e n t  
c o n f i d c l ~ c c  l i m i t s  ( d a s h e d ) .  E r r o r  b a r s  
c o r r e s p o n d  t o  ' o r ~ e  standard d e v i a t i o n .  



F i g u r e  3. --Map showing su r f ace  (dashed 1  ines) and bed ( s o l  i d  1 i n e s )  

topography f o r  t h e  l owes t  1 6  k i l ome te r s  o f  Columbia G l a c i e r .  

A1 so shown i s  t he  l o n g i t u d i n a l  c o o r d i n a t e  system (heavy 

1  i ne )  and t h e  p o s i t i o n  o f  the c r e s t  of t h e  mora ine shoal 

( do t t ed  1 i n e ) .  The terminus i s  shown a s  o f  t h e  end o f  

t h e  1977-78 mea surement yea r .  

3 4 
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F i g u r e  7 , - - L o n g i t u d i n a l  p r o f i l e  o f  v e l o c i t y  V f r o m  t h e  a d j u s t e d  d a t a  s e t ,  t o g e t h e r  
w i t h  v a l u e s  averaged o v e r  a y e a r  c e n t e r e d  o n  July 1 o f  1977, 1978, and 
1979, A l s o  s h o w n  i s  t h e  c a l v i n g  s p e e d  V c  t o g e t h e r  w i t h  9 5  p e r c e n t  
c o n f i d e n c e  l i m i t s .  
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F i g u r e  8 .  - -Predicted t i n i e  p r o f i l e s  o f  t e r m i n u s  p o s i t i o n  X and c a l v i n g  

f l u x  Q, a s  f u n c t i o n s  of c a l v i n g  law c o e f f i c i e n t  c ,  f o r  1978-88, 

u s i n g  10 .0  kn13 drawdown. Known p o i n t s  a re  i n d i c a t e d  by sn la l l  

c i r c l e s ,  known f l u c  t u a r i n r i  i n  Qc i n d i c a t e d  by heavy 1  i n e .  

Dashed l i n e  shows p red i c t -ed  X and  Qc f o r  dynamic model ,  

assurrling t h i n n i n g  t o  t h e  p o i n t  o f  f l o a t i n g  ( i n d i c a t e d  by * )  

f o r  c = 16 .9  y - ' .  3 9 



Table 1.--Current a c t i v i t y ,  width,and w a t e r  d e p t h  at t e r m i n u s ;  s i z e ;  a n d  a c c u m u l a t i o n -  
a r e a  r a t i o  (AAR) for 3 3  l a r g e  c a l v i n g  g l a c i e r s  o f  A l a s k a .  F l a c i e r  
l o c a t i o n s  a r e  s h o w n  on f i g u r e  1.1 

2 N o r t h w e s t e r n  

G l a c i e r  n a m e  
a n d  n u m b e r  

4 A i a l i k  
P 
o 5 C h e n e g a  

6 T i g e r  

7 N e l l i e  J u a n  

T e r m i n u s  

A v e r a g e  
w a t e r  

L 
d e p t h  Kidtli 
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Table 1.--Current activity, width,and water d e p t h  at terminus: size; and accumulation- 
area ratio (AAR) for 33 large calving glaciers of Alaska--Continued-- 
[Glacier locations are shown on f i g u r e  1 . 1  

I Average I 
I , water 1 Extended Retracted Present ITotal I 

24 North Crillon A 8 0.4 34 14 19 12 1 7 8 

Glacier name depth Width 
and number Activity m km -- 

25 La Perouse S 0 3.6 25 25 2 5 153 6 5  

position position position I ;;:a / 
k m  k m  k m  

26 Grand Pacific A 18 2.4 170 11 3 116 660 7 2 

27 Margerie S 15 1.8 170 3 0 3 0 219 84 

P 28 Johns IIopkins A 56 1.6 14 3 11 1 113 322 
IU 

9 1 

29 Muir R R  100 1 121 24 26 141 74 

3 0  Taku A 0 8 65 5 3 6 3 841 88 

31 South Sawyer R R  186 1 116 5 5 5 7 732 7 5  

32 Dawes 

33 Le Conte 

A-Advancing 
S-Stable 

SR-Slow retreat 
RR-Rapid retreat 
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Table 2.--Water depth hw, i c e  sur face he igh t  h  c a l v i n g  speed Vc, r a t e  o f  advance X ,  
g  ' 

and buoyancy 
h A 

r a t i o  pwhw/pih a t  the terminus of 12 glaciers--Continued 

[Value g iven above, standard e r r o r 1  g iven i n  parentheses. Values measured a t  center1 i n e  i nd i ca -  
t ed  by ( ^ ) ,  otherwise values r e f e r  t o  average across width.  G lac ie r  l o c a t i o n s  a r e  shown i n  f i g u r e  I ,  
and a r e  numbered as i n  t a b l e  1.1 

G lac ie r  1 

number GI ac ier name, da te  

* * 
h h h i p W h W  

hg c  
- 

W g W 
h Analys is  

[ m l  [ m l  cm3 [ml [m/yl ~ / Y I  pi h Method2 

26a Nest G lac ie r  Bay, 1860-79 408 90 292 68 10700 -1680 .93 2 
(30)  ( 4 0 )  (30) (40)  (3500) (250) 

29a Muir ,  1892-1948 

29b Muir ,  1948-72 

'Standard e r r o r  determined o r  estimated from p r e c i s i o n  and dens i t y  of measurements, possi bl e  l a c k  o f  
sychrone i ty  between d i f f e r e n t  measurements, and i n  case o f  i c e  speed, est imated seasonal or short - term 
speed f l u c t u a t i o n s  compared w i t h  t ime i n t e r v a l  of measurement. 

2l  using equation (1) d i r e c t l y ,  2 using equat ions (4 ) ,  ( 5 ) ,  (1 ) .  
3Thickness-change f l u x  der ived from topographic maps constructed f rom est imated I ongi t ud ina l  p r o f i l e s  

based on known bed topography, known terminus pos i t i on ,  and the  assumption o f  constant  basal shear 
stress. 



Table 3.--Calving law foms and c o e f f i c i e n t s  f i t t e d  t o  t h e  da ta  g i v e n  i n  
table 2,--Continued. Also g iven i s  the standard e r r o r  o f  es t imate  
o f  t h e  c o e f f i c i e n t  o, and t h e  va r i ance  r e d u c t i o n  f r a c t i o n  

F = 1  - [I;(vci - Vc)z/i(Vci - VC)2] ,  where V c  i s  t he  va lue  
1 

p r e d i c t e d  by the  r e l a t i o n s h i p ,  Vc i s  t h e  mean observed value, and 

the sum i s  over t he  observed VCi. For those two-parameter formulae 
h 

e q u i v a l e n t  t o  l i n e a r  regress ions  (such as Vc = chk! + a o r  
A 

Vc = ch;), F=r2, t h e  c o e f f i c i e n t  of de te rmina t ion .  U n i t s  of c 
assume Vc i n  mly, and h, hw i n  m. For some cases, t he  c o e f f i c i e n t  
c and s t a t i s t i c a l  measures ac and F a r e  c a l c u l a t e d  w i t h  weighted 

2 -1 data fran t ab le  2, i n  which t h e  we igh t  = [c2eh2+ ev ] where 
eh i s  t h e  standard e r r o r  i n  h  or  h, and ev i s  t h e  standard e r r o r  
i n  V,. 

L - 

Method 1' Methods 1 and 2' 
C12 cases) 

Unweighted Weighted Unweig 

' ~ e t h o d  1  uses equat ion (1 )  d i r e c t l y ;  Method 2 uses equat ions ( 3 ) ,  ( 4 ) ,  and (1  ) .  

4 6  



T a b l e  3. - - C a l v i n g  l a w  fornis and c o e f f i c i e n t s  f i t t e d  t o  t h e  d a t a  g i v e n  i n  
t a b l e  2. A 1  so g i v e n  i s  t h e  s tandard  e r r o r  of e s t i m a t e  o f  t h e  
c o e f f i c i e n t  cr, and t h e  v a r i a n c e  r e d u c t i o n  f r a c t i o n  

F = 1 - [5(vci  - Vc)'/?:(V . - v )'I, where V, i s  t h e  v a l u e  
1 1 C l  C 

p r e d i c t e d  b y  t h e  r e l a t i o n s h i p ,  Vr i s  t h e  mean observed v a l u e ,  a n d  
L 

t h e  sun1 i s  over  t h e  observed V c i .  For t hose  t w o - ~ a r a m e t e r  f o r m u l a e  
e q u i v a l e n t  t o  1  i n e a r  r e q r e s s i o n s  ( such  a s  V c  = ch, + a o r  
V, = c^hwU), ~ = r ~ ,  t h e  c o e f f i c i e n t  o f  d e t e r m i n a t i o n .  U n i t s  of c 
assume V, i n  m/y, and h, h, i n  m. For  some cases,  t h e  c o e f f i c i e n t  
c and s t a t i s t i c a l  measures csc and F a r e  c a l c u l a t e d  w i t h  we ighted 
d a t a  f rom t a b l e  2, i n  wh ich  t h e  w e i g h t  = [ c2eh2  + e,2]-1 where 

eh i s  t h e  s tandard  e r r o r  i n  h  o r  hw and ev i s  t h e  s tandard  e r r o r  
i n  V c b  

Method l1 Methods 1  and Z1 
[I2 cases]  [I 7 cases ]  

Unweighted Weighted Unweighted Weighted 

c ĥ 

' ~ e t h o d  1 uses e q u a t i o n  ( 1 )  d i r e c t l y ;  Method 2 uses equat ions ( 3 ) ,  ( 4 ) ,  and (1) .  


